Introduction
Let H be a closed subgroup of a locally compact group G. The homogeneous factor space G/H is amenable in the sense of Eymard and Greenleaf [5, 6] , if L ∞ (G/H) supports a G-invariant mean. If H = {e}, one obtains the classical concept of an amenable locally compact group.
A unitary representation ρ of a group G in a Hilbert space H is amenable in the sense of Bekka [1] if there exists a state, φ, on the algebra B(H) of bounded operators that is Ad G-invariant: φ(π(g)T π(g) −1 ) = φ(T ) for every T ∈ B(H) and every g ∈ G.
For instance, the homogeneous space G/H is Eymard-Greenleaf amenable if and only if the quasi-regular representation λ G/H of G in L 2 (G/H) is amenable.
Let F and H be closed subgroups of a locally compact group G, such that F ⊆ H ⊆ G. In 1972 Eymard had asked ( [5] [7] .
We show that in general the answer to all three questions above is negative.
Reminders and simple facts
2.1. A unitary representation π of a locally compact group G in a Hilbert space H is said to almost have invariant vectors if for every compact K ⊆ G and every ε > 0 there is a ξ ∈ H satisfying ξ = 1 and π g (ξ) − ξ < ε for all g ∈ K.
2.2. If a unitary representation π of a group G (viewed as discrete) almost has invariant vectors, then π is amenable. This follows from Corollary 5.3 of [1] , because π weakly contains the trivial onedimensional representation, 1 G < π. Alternatively, choose for every finite K ⊆ G and every ε > 0 an almost invariant vector ξ K,ε as above, and set φ K,ε (T ) := T ξ K,ε , ξ K,ε . Every weak * cluster point, φ, of the net of states (φ K,ε ) is a G-invariant state.
Note that the converse of 2.2 is not true, as for example every unitary representation of an amenable group is amenable by Theorem 2.2 of [1].
2.3.
Let H be a closed subgroup of a locally compact group G. The following statements are equivalent.
acts continuously by affine transformations on a convex compact set C in
such a way that C contains an H-fixed point, then C contains a G-fixed point. The equivalences between (i), (ii), and (iv) are due to Eymard [5] , while (iii) was added by Bekka (Th. 2.3.(i) of [1] ). The condition (ii) is an analogue of Reiter's condition (P 2 ) for homogeneous spaces. (Interestingly, a natural analogue of Følner's condition for homogeneous spaces fails [6] .) 2.4. Let the homogeneous space G/H be amenable, and let π be a strongly continuous unitary representation of G. If the restriction of π to H is an amenable representation, then π is amenable as well.
To prove this statement, denote, following Bekka (Section 3 of [1]), by X(H) the C * -subalgebra of B(H) formed by all operators T with the property that the orbit map of the adjoint action, 
2.5.
Let H be a closed subgroup of a locally compact group G, and let π be a strongly continuous unitary representation of H in a Hilbert space. By ind G H (π) we will denote, as usual, the unitarily induced representation of G.
2.6. The following is Mackey's generalization of the Frobenius Reciprocity Theorem (Th eorem 5.3.3.5 of [8] ).
Let H be a closed subgroup of a locally compact group G, and let π and ρ be finitedimensional irreducible unitary representations of H and G, respectively. If G/H carries a finite invariant measure, then ind G H (π) contains ρ as a discrete direct summand exactly as many times as ρ| H contains π as a discrete direct summand.
2.7.
Let G be a locally compact group, and let H, F be closed subgroups of G such that F ⊆ H. Set π = ind H F (1 F ), where 1 F stands for the trivial one-dimensional representation of F . Then π = λ H/F is unitarily equivalent to the quasi-regular representation of H in L 2 (H/F ) ([8], Corollary 5.1.3.6). By the theorem on induction in stages (ibid., Proposition 5.1.3.5), the induced representation ind G H (λ H/F ) is unitarily equivalent to ind G F (1 F ), which is just the representation λ G/F , the quasi-regular representation of G in L 2 (G/F ). Now assume that the homogeneous factor space G/F is amenable. By Bekka's result mentioned above (2.3.(iii)), this amounts to the amenability of λ G/F . This argument shows that Eymard's Q 1 is a particular case of Bekka's Q 2.
First example
3.1. Let H = F ∞ , where F ∞ denotes the free non-abelian group on infinitely many free generators x i , i ∈ Z. For every n ∈ Z, let Γ n denote the normal subgroup of F ∞ generated by x i , i ≤ n. We will set F = Γ 0 . As the factor space H/F = F ∞ /Γ 0 is a free group, it is not amenable.
3.2.
Let the group Z act on F ∞ by group automorphisms via shifting the generators:
where m, n ∈ Z and τ denotes the action of Z on F ∞ . Denote by G = Z ⋉ τ F ∞ the semi-direct product formed with respect to the action τ . That is, G is the Cartesian product Z × F ∞ equipped with the group operation (m, x)(n, y) = (m + n, xτ m y), the neutral element (0, e) and the inverse (n, x) −1 = (−n, τ −n x −1 ).
Let us show that the homogeneous space G/F is Eymard-Greenleaf amenable.
3.3. For every n ∈ Z,
Let S ⊂ F ∞ be an arbitrary finite subset. For n ∈ Z sufficiently large, S ⊂ Γ n . Now for each (0, s) ∈ S,
that is, the left F -coset (n, e)F ∈ G/F is S-invariant. Consequently, the unit vector δ (n,e)F ∈ ℓ 2 (G/F ) is S-invariant. We have proved that the H-module ℓ 2 (G/F ) almost has invariant vectors, and therefore the restriction to H of the left regular representation λ G/F is amenable. Since G/H is an amenable homogeneous space (H is normal in G and the factor-group G/H is isomorphic to Z), we conclude by 2.4 that the left regular representation of G in ℓ 2 (G/F ) is amenable, that is, that G/F is an amenable homogeneous space.
3.4. The constructed triple of groups F ⊂ H ⊂ G provides a negative answer to the question of Eymard (Q 1).
In view of the remarks in 2.7, it provides a negative answer to Bekka's question (Q 2) as well. Take as π = ind H F (1 F ) = λ H/F the left quasi-regular representation of H in ℓ 2 (H/F ). While π is not amenable, the induced representation ind G H (π) = λ G/F is amenable.
3.5. The following way of viewing our example may be instructive.
If considered as a unitary F ∞ -module, ℓ 2 (G/F ) decomposes, up to unitary equivalence, into the orthogonal sum
None of the unitary F ∞ -modules ℓ 2 (F ∞ /Γ n ) is amenable, yet their orthogonal sum is amenable, because the family (ℓ 2 (F ∞ /Γ n )) n∈Z "asymptotically has invariant vectors": every finite S ⊂ F ∞ acts trivially on the Hilbert space ℓ 2 (F ∞ /Γ n ), provided n is large enough so that S ⊂ Γ n . (Indeed, Γ n are normal in F ∞ .) 4. Second example 4.1. Let G = SL(n, R) and H = SL(n, Z), n ≥ 3. Since H is a (non-uniform) lattice in G (cf. Exercise 7, §2, Chapitre VII of [3] ), the homogeneous space G/H is amenable.
4.2.
The group SL(n, Z) is maximally almost periodic (for instance, homomorphisms to the groups SL(n, Z p ), where p is a prime number, separate points in SL(n, Z)). Let π be a non-trivial (of dimension > 1) irreducible unitary finite-dimensional representation of H. Being finite-dimensional, π is an amenable representation; cf. 
